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Ly=y"+ p(X)y'+q(x)y=f(x),a<x<b (9-1.1)

BC1 x=aE$] ’ —k1%+h1y=a
BC2 x=bE$]’ k2ﬂ+h2y=ﬂ
dx
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y(X) = y(X,8) =y (X) + 8y, (X) (9-1.3)
IIS1E b= - ﬁg\f’ yl(x)byZ(X)NHI %J[;ﬁjﬁ o) HAE (‘UEJZ‘L
yr + p(X)y; +a(x)y; = f(x) , a<x<b (9-1.4)

IC1 x=aE\1J"y1—ozC1
Ic2 x=aff - dyl:aCz

Y2+ p(X)y; +a(x)y, =0 , a<x<b (9-1.5)
IC3 x=aE$]’ y, =k,
IC4 x=aff - %_h

Hlic, M C, 14955 E:Jr’ IR I AU (9-1.5) P fIEL 0= by =y, + sy, »
PR FUBTRLIE ) ﬂJ*E““F”FJJ— a3 1 ]
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?9
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BCL x=0ff > y=0

BC2 x=1ff » y=1

FIHEUERUST Al ES (9-1.4) W (9-1.5) fUE]
y; -3y, =2x; 0<x<1

IC1*  x=0f > y;=0

IC2 x=0 » y;=0
y2 =3y, =0

IC3 x=0E$]v y,=0

IC4 x=0F » y;=0
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uy, 3u,
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A (9-1.7) Ty
s:l_ul(l)
US(l)

9-6

“AAL B



EEE EBHoHENX — SR ERE

B3 AR i,
Y(X) = Uy (X) + Su (x)

_5Sinh(v3x) 2
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[E] oo Ao e ~ 3Sinh(v3) 3

TOP-DOWN %5t

@y * B+ =

?ﬁ?l‘ A, B, HO, ErrTol, StepCtrl$, NP

@%ﬂ i [{7?‘ H‘ J?l rF[

Call RungeKutta

@F T s i SREFHET Y I

s =(1-u(D)/uy()

y(X) = Uy (X) +8Uy(x)

SllHIA# AN
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Private Sub LinearShootingBVPODE(Xpos, Ypos)
"LINEAR SHOOTING

USER'S SPACE
Cls
Print"  SOLUTION OF LINEAR B.V.P.-O.D.E. BY THE SHOOTING METHOD"
Print
Print
Dim Y0(50), F(50), YWK(50, 101) As Double

Neqn% = 4
Lower =20
Upper=1
YO(1) =
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TolErr = 0.001
StepCtrl$ ="Y"

Print ">ENTER LIMITS OF INTERGRATION"

Print "Lower Limit of X = ";

Lower = Val(InputBox(" Lower Limit, Lower =", "Low Limit of X", Lower, Xpos, Ypos))
Print Lower

Print "Upper Limit of X =",
Upper = Val(InputBox("  Upper Limit, Upper =", "Upper Limit XS", Upper, Xpos, Ypos))
Print Upper

Print "> Initial Step Size = "

HO = Val(InputBox("> Initial Step Size =", "Step Size", HO, Xpos, Ypos))
Hsav = HO

Print HO

Print "> Error Toleranceon 'Y = ";
TolErr = Val(InputBox("> ERROR TOLERANCE ON Y =", "Error Tolerance", TolErr, Xpos, Ypos))
Print TolErr

Print "> Need Step Size Control <Y/N>=";

StepCtri$ = InputBox(">STEPSIZE CONTRAL ? (Y/N) ", "STEP CONTROL", "Y", Xpos, Ypos)
Print StepCtrl$

Print "> Need Detail Printout <Y/N>=";

PNT$ = UCase(InputBox(">Need Detail Printout ? (Y/N) ", "PRINT CONTROL", "N", Xpos, Ypos))
Print PNT$

Print

NP = Val(InputBox("> NUMBER OF PRINTING INTERVALS = (<50) ", "NP", NP, Xpos, Ypos))
XPT = (Upper - Lower) / NP

Print

Call RK4Shooting(Neqn%, YO, YWK, TolErr, PNT$, HO, Upper, Lower, NP, StepCtri$)
ND=NP+1

S =(1- YWK(1, ND)) / YWK(3, ND)

MsgBox "Ready To Calculate S"

Cls

Print "* LINEAR SHOOTING X

Print

Print"*S=",§

Print

Print" X Y(exact) Y(Numerical) Rel Err"
Prlnt Whkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkdddddddddddr s

X = Lower

Y1 =Exp(Sqr(3)) - Exp(-Sqr(3))

Forl=1ToND

9-8

“AAL B
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Y =Sqr(3) * X
Y =5/3*(Exp(Y) - Exp(-Y))/Y1-2/3*X
YC = YWK(1, 1) + S * YWK(3, )
If Y =0 Then
Ery=0
Else
ErY=(YC-Y)/Y
End If
Print Format(X, " 0.00E+00 “);
Print Format(Y, "0.00000E+00 ");
Print Format(YC, "0.00000E+00 "),
Print Format(ErY, "0.0E+00 ")
X=X+ XPT
Next |
End Sub

Private Sub DeriveFunction(F, X, Y)
' ========== DEFINE FUNCTIONS

Public Sub RK4Shooting(Neqn%, Y0, YWK, TolErr, PNT$, HO, Upper, Lower, NP, StepCtrl$)

" Linera Shooting Using Runge-Kutta Integration Algorithm

"Neqn% =No. of Eqgns.

"Y0 =Initial Condition

"TolErr =Local Error Tolerance.

"PNT$ = Detail Print Control, Y for Print Everything
"HO =Initial Step Size.

"Upper =Upper Bound

" Lower =Lower Bound

"NP = Total Number of Printing Intervals

' StepCtrl$ =Auto. Step Size Control ID.
" F=Function; Yi = F(l)

Call MachineErrorCheck(Eps, U20)

Cls

PrtEnt% =1

Call ReportRK4(PrtEnt%, Neqn%, X0, YO, TolErr)

GoBackPrt% =1

PT$ = PNT$

XPT = (Upper - Lower) / NP
X0 = Lower

H=HO0
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XF = X0+ XPT
Pointer% =0

Do
If Pointer% = 0 Or IPchk = 1 Then
Pointer% = Pointer% + 1
For K =1 To Negn%
YWK(K, Pointer%) = YO(K)
Next K
[Pchk =0
Print"IP ="; Pointer%; " "
End If
If PT$ ="Y" Or GoBackPrt% =1 Then
PrtEnt% = 2
Call ReportRK4(PrtEnt%, Negn%, X0, YO, TolErr)
PT$ = PNT$
End If
If X0 >= Upper Then Exit Do
Call RungeKutta(Negn%, X0, YO, TolErr, H, H1, StepCtrl$)

' ==CHECK FOR END INTERVAL==

If Abs(X0 - XF) <= Eps Then
XF = X0 + XPT
PT$ ="Y"
IPchk =1
End If
[f X0+ H > XF + U20 Then
H=XF - X0
End If
If (X0 - H1) <= XF And PT$ ="Y" Then
GoBackPrt% =1
Else
GoBackPrt% =0
End If
Loop While X0 <= Upper + U20
End Sub

Public Sub MachineErrorCheck(Eps, U20)

Calculate Machine Round Off Error

Eps=1#
Do
Eps=Eps/2
EpsPl1=Eps+1
Loop While EpsP1 > 1
U20 =20 * Eps

End Sub
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Public Sub ReportRK4(PrtEnt%, Neqn%, X0, YO, TolErr)
Select Case PrtEnt%
Case 1
Print
Print "SOLUTION with Error Tolerance ="
Print Format(TolErr, " 0.00E+00")

P rl nt Whkkkkkkkkkkkkkkkkhkkkkkkkkhkkkkkdrhkdix!

Print " X "
Print " Y "
Case 2

Print Format(X0,"  0.000000E+00");
For IK =1 To Neqn%
Print Format(YO(IK), " 0.000000E+00");
Next IK
Print
End Select
End Sub

Public Sub RungeKutta(Negn%, X0, YO, TolErr, H, H1, StepCtrl$)
" Runge-Kutta Controller

Dim Y(50), W(50), Z(50), S(50), Q1(50), Q3(50) As Double
T2=H
T=T2
E5 = TolErr / 100
Ent% =0
Call RungeKuttaModual(Ent%, Neqn%, S, X0, YO, T, X, Y, D, W)
For K = 1 To Negn%
Q1(K) = W(K)
Next K
Do
T=T2/2
Ent% =0
Call RungeKuttaModual(Ent%, Neqn%, S, X0, YO, T, X, Y, D, W)
For K =1 To Negn%
Z(K) = W(K)
S(K) = Z(K)
Next K
X=X0+T
Ent% =1
Call RungeKuttaModual(Ent%, Neqn%, S, X0, YO, T, X, Y, D, W)
18=0
For K=1To Negn%
Q3(K) = (W(K) - QL(K)) / 15
DetErr = Abs(Q3(K)) / T2
If DetErr >= TolErr Then
ConvergentFlag% = 0: ' Not Converged
Else
If DetErr >= E5 Then 18 =1
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ConvergentFlag% = 1
End If
Next K

' CONVERGENCE ATTAINED==

If ConvergentFlag% = 1 Then
For K =1 To Negn%
YO(K) = W(K) + Q3(K)
Next K
H=T2
X0=X0+H
H1=H

CHECK FOR STEP-SIZE CONTROL==

If StepCtri$ = "N" Then Exit Sub
If 18 =1 Then Exit Sub
H=2*H
Exit Sub

End If

' CONVERGENCE NOT ATTAINED==

If StepCtrl$ = "N" Then
Print
Print" *ERROR**"
Print " CONVERGENCE NOT ATTAINED"
Print " WITHIN REQUIRED TOLERANCE "
Print " FOR GIVEN STEP-SIZE"
Print " H="; H;" AT X="; X0
Else
T2=T2/2
For K=1To Negn%
QL(K) = Z(K)
Next K
End If
Loop While ConvergentFlag% =0
End Sub

Public Sub RungeKuttaModual(Ent%, Neqn%, S, X0, YO, T, X, Y, D, W)
"RUNGE-KUTTA MODUAL
' ==INITIALIZE VARIABLES ==

Dim F(50) As Double
If Ent% = 0 Then
X =X0
For K=1To Negn%
S(K) = YO(K)
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Next K

End If

For K=1To Neqn%
Y(K) = S(K)
W(K) = S(K)

Next K

'==COMPUTE W VALUE==
'--1st PASS

For K =1To Negn%
Call DeriveFunction(F, X, Y)
D =T*F(K)
W(K)=W(K)+D/6
Y(K)=S(K)+D/2

Next K

X=X+T/2

'--2nd PASS

For K=1To Neqn%
Call DeriveFunction(F, X, Y)
D=T*F(K)
W(K)=W(K)+D/3
Y(K)=S(K)+D/2

Next K

'--3rd PASS

For K =1 To Neqn%
Call DeriveFunction(F, X, Y)
D =T *F(K)
Y(K)=S(K)+D
W(K)=W(K)+D/3

Next K

X=X+T/2

"--4th PASS

For K=1To Neqn%
Call DeriveFunction(F, X, Y)
D =T*F(K)
W(K)=W(K)+D /6

Next K

End Sub
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SOLUTION  with Error Tolerance = 1 00E-03

*
IP=1
IP=2
IP=3
IP=4
IP=5
IP=8
IP=7
IP=38
IP=9

f

a—l%r

& BHnnEX — 8F{EME

0000000E-00 0.000000E-00 0.000000E-00 0.000000E-00 1. 000000E-00

1000000E-01 3338684604 1 0D02622E-02
2000000E-01 288319FE02 404 116E02
Z000000E-01 9.124736E-03 9.207582E02
4 000000E-01 2.185305E-02 1665821E-01
E000000E-01 432767502 2B61738E-01
E000000E-01 7E03051E-02 3938708E-01
7O00000E-01 1.231149E-01 5535089E-01
&000000E-01 1.879567E-01 7 483063E-01

1.005186E-01
2040860E-01
3.133480E-01
4330812601
5 EE3823E-01
TA473E3E-01
2856432601
1.083250E+00

1015391 E+00
1.081321E+00
1.133213E+00
1.251390E-+00
1.401248E 00
1 533309E-+00
1 833365E+00
2.128854E+00

IP=10  9000000E-01 2745178E-01 2333836E-01 1.313511E+00 Z2433076E+00
100000000 387HE1E-0 1 27794FE-00 1 5333683E-00 2 822488E 00

IP= 11

CHEER  Copyright RESI 2001

Bl 5 ShAT |

(0-15)

VAHL B



HERTRIEER

i LINEARSHOOTING *

5= 0.386888480138104

X Ylexact)  Y(Nurnerical) Rel Err

000E+00 0O0000E-00 OO000DE+Q0 0.0E-00
100E-01 393074E-02 392234E-02 -21E-03
200E-01 218021E-02 816486E-02 -1 OE-03
F00E-01  130767E-01 130549601 -1 FE-O3
400E-01  189680E-01 1 8943E01 -1 4E-03
500E-01 262317E01 262017E01 -11E03
6O00E-01 352868E-01 385268401 -89E-04
FO0E-01 466063601 465760501 -6.5E-04
S00E-01 BOF309E-01 B07054E01 -42E-04
S00E-01 782859E-01 7 82700E-01 -20E-04
100E+00 1.00000E+00 1 00000E+00 00E+00
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y'=f(x,y,y), a<x<b (9-2.1)

BCl x=a> -ky'+hy=«a
BC2 x=b - k,y'+h,y=p
JEIH'klvkzvhlvhz’abﬂ%dt"\ﬁlg\’" Ey
k,h, 205 |k, |+]|h |#0
k,h, 20; |k, |+]|h,|#0
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ﬁh—“[‘r‘g IJ'{%JIﬁ[ % r'b
u"=f(x,u,u’); a<x<b (9-2.2)
IC1 x:aE%j » u(a)=aCy + sk,
IC2 x:aﬁi}‘ v u'(@)=aC, +sh
Erict ¥ 1c2 I%t bu(@)=aC, +sk, ¥ u'(a)=aC, +sh, » FIAVRLEST TFisky ¥ shy {7

BCL ix > ﬁﬁlﬁp K o TR o€y v oy I RLEIERT ZAHYIAERY o > I'J T (™ it
_F,“[*[p'“fﬂfé,“ (9- 2.1) I E]
C,h, —C,k;, =1

VP T (9-2.2) Fi5)E x=b [ SRR A FOBT (8 B
[ AR R(s) =15 0
R(s)=kpu'(b;s)+hyu(b;s)— =0 (9-2.3)

R(s) £~ ZESME A | R o A il B0 s 0 SE R

_ . _R(s) )
Skt = Sk R(s) (9-2.4)

Hi A (9-2.3) » 1 6R/as £

R =k w09+, = [u(o,9)]

(9-2.5)
=k, n(b) + h,&(b)
il
£ =21u(x;9)) (8-2.6)
s
7(X) =£[ u'(x;s)] (9-2.7)
0s

S HAEE (9-2.2) IR IR pu- IR i) AR W

L R O (9-2.8)
dx | u, f(x,u,,u,) '

1.C. x=affj [u,,u,]" =[aC, + sk, , aC, +sh,]"
Hiltup =u(x;s);up =u'(x;s) K =% s 575 > plige
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o))
os|dx | dx| os | dx
0 [d } d {6u } df
os | dx dx dx

R FF R (9-2.6) R (927) 9 pEF - Tl HET) Y

%zn (9-2.9)
dx
dp _df _ df 8u1+ of au_zz_g iﬂ (9-2.10)
dx ds odu, 0s ou, s Ou, ~ adu,

i B SR
E{ﬂ a,la (9-2.11)
dx ou; - ou,

1.C. x=afff - [&, 7" =[k . h]'
AT AR o) W op(b) o FRIpHAEZY (9-2.5) [ R'(s) o fFFI A
(9-2.4) A[JF" = Frv s fift -
R il IEIﬁ 053 T RO T SR R G PO o SR
1. J¥FLBVP ﬁ (455 HAEZY (9-2.1) gAY IVP HAEZY (9-2.8) -
2. ERVAI- WCy fie
3. M| C.h, —Cok, =1:R{IC
4 ]:EL[@I:%L‘* ffif s¢ fill o
5. JF IVP ﬁfj'f%ry’ﬁﬂﬁ?“ (9-2.8) ¥ (9-2.11) HMi;j = x=b -
6. AP (9-2.3) & (9-2.5) MR R(s) ¥ R(s) -
7. FIPIHREEE (9-2.4) sy,
8. EIHHHERS~T » E s st

p :
72 O-2 W dA= Ty

ISR PR Y ST AT T A AR I PR - SRR
TR 1S A 1
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[——(rzdc }:kR(C) , O<r<r,

Fpfrr BRE AR r ERERER AT . D RS 0 C BV EPIRA - k ’Eru*:"f?ﬁj
B R(C)=C" » n tu~ Il Wiy T8RRI
BCL r=opf» ST-0 (s )
r
BC2 r=rfff-C=C, ( AP )
RN ARG L (Thiele Modulus) 7 x, y 53 [l £

kCy™t
D

PB4 TS R i RS

d?y 2 dy
—+——=0"R
dx?  x dx )

Dd=r, x=rlr, ; y=CIC,

BCL x=0[ - %:0

BC2 x=1f » y=1

F R LT 6 mm [0 S S T o SR (R VSR
Ak @ﬁ“%ﬁaxﬁfg? k £54.21s™ > %E 55 2.105x107° m? /s o F| = st~ VS
TR BT R ST -

Fu=yiv=y F =Ry S0 PIEUSER AT/ R s o 1) pue S

H

IVPf{ 5y 4R 8,

\Y
d : (DZR(u)—;v
wlel” " (9-2.12)
n |02 LRy -2
.oy X

IC1 x=0E$]vu=
IC2 x=OE3]"v=0
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IC3  x=0fj - £=1

IC4 x=0E$]v n=0

PUSTRER VLAY (9-2.3) HR &(s) ¥ 9'(s) 53 I H%
9(s)=u(l;s)-1 (9-2.13)
F(s)=¢(1;9) (9-2.14)

VPR A (9-212) [l =0 AT E] x=1 0 FI AN GIEAE LA (9
2.18) > SR s fill o SREETHIFA T o s OH R A s eIl -

BRI (FESEENERKMBEERXREH )

nnnnnnnnnnnnnnnnnnn

" SOLUTION OF NONLINEAR B.V.P.-O.D.E.
‘BY THE SHOOTING METHOD

kkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkk

'CHEER-2001  Ron-Hsin Chang

" Example 9-2
" First Order Reaction

Private Sub RKM4NonlinearBVPODE(Xpos, Ypos)

"N=Number of dependent variables

" H=Initial step size

" YO=Initial conditions of X and Y(I)

" YO(1)=Initial condition of independent variabgle

" RelErr=Interval error allowed, suggested value max : YO*1E-5
' XS=Value of independent variable at which answer is required
' DY=Values of derivatives at Xs

" YS=Solution of all the variables

"W=Working space

Dim YO(L1), RelErr(10), DY(10), YS(11), W(44), Y(11)
Dim YY(11, 101)

"MACHINE ERROR

MErr = 1E-16

=== USER'S SPACE

Cls
N = 4: " Number of egns.
NP =50

9-20

“AAL B



EEE EBHoHENX — SR ERE

IPrt$ = InputBox("Print Detail InformaTION <Y/N>", "Require Detail Information”, "N", Xpos, Ypos)
IPrt$ = UCase(IPrt$)

Print "> Enter Limits of Integration:"

Print "Lower Limit of X =";

X0 = Val(InputBox("  Lower Limit X0 =", "Low Limit of X", 0, Xpos, Ypos))
Print X0

Print "Upper Limit of X =",
XS = Val(InputBox("  Upper Limit XS =", "Upper Limit XS", XS, Xpos, Ypos))
Print XS

Print "> Initial Step Size = "

H = Val(InputBox("> Initial Step Size =", "Step Size", (XS - X0) / 100, Xpos, Ypos))
Hsav = H

Print H

'--ERROR TOLLERANCE

Print "> Error Tolerance on Y =";
E1 = Val(InputBox("> ERROR TOLERANCE ON Y =", "Error Tolerance", H * 0.00001, Xpos, Ypos))
Print E1

Print "> Error Tolerance on S =";
E2 = Val(InputBox("> ERROR TOLERANCE ON S =", "Error Tolerance", H * 0.00001, Xpos, Ypos))
Print E2

Forl=1ToN
RelErr(l) = E1
Next |

'--PRINTING CONTROL

Print

NP = Val(InputBox("> NUMBER OF PRINTING INTERVALS = (<50) ", "NP", NP, Xpos, Ypos))
XPT = (XS - X0) / NP

Print

Print

ThieleModulus = Val(InputBox("> THIELE MODULUS = ", "Thiele Modulus", ThieleModulus, Xpos,
Ypos))

Print "Thiele Modulus ="; ThieleModulus

"--INITIAL CONDITIONS
S = Val(InputBox("> Enter Initial Guess : S= ", "S", S, Xpos, Ypos))
Iteration% = 0

Cls
'--START ITERATION
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Do

_<

o

2=

5

K2
oo
oo wmo

Iteration% = Iteration% + 1
Forl=1ToN+1
YY(I, 1) = YO()
Next |
IPT=1
Do
XS =Y0(1) + XPT
'--CALL KUTTA-MERSON
Call RungeKuttaMerson(ENT%, N, YO0, Y, DY, XS, YS, W, RelErr, IPrt$, H, HOLD,
Hsav, MErr, ThieleModulus)
ForLP=1ToN+1
YO(LP) = YS(LP)
YY(LP, IPT + 1) = YS(LP)
Next LP
If HOLD > XPT Then HOLD = XPT
IPT=IPT +1
Loop While IPT <= NP
'--CALCULATE R(S)
R=YS(2)-1
'--CALCULATE R'(S)
RP = YS(4)
'--CALCULATE S
SOLD =S
S=S-R/RP
Print "lteration #"; Iteration%; "  S="
Print Format(S, " 0.0000000E+00")
'--CHECK CONVERGENCE ON S
If Abs((S - SOLD) / S) < E2 Or Abs(S - SOLD) < E2 Then
ConvergentFlag% = 1
Else
H = Hsav
ConvergentFlag% = 0
End If
Loop While ConvergentFlag% =0
MsgBox (“Integration Converged, Hit Button to Continue")

"--FINAL FUNCTION VALUE
Cls
P”nt n *kkkk X kkkkkkkkkkkkkk Y *kkkkx!

ForlP=1ToNP+1
Print Format(YY(Z, IP),"  0.00000E+00 )
Print Format(YY/(2, IP), "0.00000E+00 )
Print Format(YY(3, IP), "0.00000E+00 ")
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Print Format(YY(4, IP), "0.00000E+00 )
Print Format(YY(5, IP), "0.00000E+00 ")
Next IP
Prlnt n kkkkkkkkkkkkkkkkkkkkkkkkkkkkkkx"
Print
'--CALCULATE EFFECTIVENESS FACTOR
EFF =3 *YY(3, NP + 1) / ThieleModulus / ThieleModulus
Print ">> EFFECTIVENESS FACTOR =";
Print Format(EFF, " 0.000000E+00")
End Sub

Private Function RC(C)
" User Defined Function

RC=C
End Function

Private Function DRDW(C)
" User Defined Derivative Function

DRDW =1
End Function

Private Sub DeriveFunction(Y, DY, MErr, ThieleModulus)

If RX < MErr Then

DY(2) = ThieleModulus * 2 * RC(Y(2))
Else

DY(2) = ThieleModulus * 2 * RC(Y(2)) - 2/ RX * Y(3)
End If

If RX < MErr Then
DY(4) = ThieleModulus * 2 * DRDW(Y(2))
Else
DY(4) = ThieleModulus » 2 * DRDW(Y(2)) - 2/ RX * Y(5)
End If
End Sub

Public Sub RungeKuttaMerson(ENT%, N, Y0, Y, DY, XS, YS, W, RelErr, IPrt$, H, HOLD, Hsav,
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MErr, ThieleModulus)

"ENT% = Entry Identification
' ENT% = 0 for Initial Echo
System will adjust ENT% by itself

"N = Number of Equations

"Y0 = Initial conditions of X and Y(I)

' YO(1) = Initial condition of independent variable

'Y = Dependent Variable

‘DY = Value of Derivative Function at Xs

'XS = Value of independent variable at which answer is required
"YS = Solution of all the variables

"W = Working space

"RelErr = Interval error allowed, suggested valuemax : YO*1E-5
"IPrt$ = Control of Printing Intermediate Results

[Prt$ = "Y" for Printing everything
[Prt$ = "N" for Final Results Only

"H = Initial step size
"HOLD = Work Variable for Transfer Step Size Between Subroutines
"Hsav = Initial Step Size

' -- Internal Variable

NN=N+1
ND=NN*2
NX=NN*3
NY = NN * 4

' --Initial echo
If ENT% = 0 Then
ENT% =1
If IPrt$ = "Y" Then
Cls
Print
Print
Prlnt Mkkkkk X *****";
Forl=1ToN
Print "+ Y("; |; ") ****";
Next |
Print
Forl=1ToN+1
Print Format(YO(I), " 0.000000E+");
Next |
Print
End If
Else
H=HOLD
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End If

I kkkkkkkkkkkkk GET START
Do
ForI=1ToNN
YS(1) = YO(I)
Y(I) = YS(I)
Next |
Call DeriveFunction(Y, DY, MErr, ThieleModulus)

'--STORE YO, CREATE Y1, DY1

Forl=1ToN
W(NN + 1) = DY(I)
W(l +1)=YS(I + 1) + H*DY(l) / 3!
Next |
W(1)=YS(1)+H/3
Forl=1To NN
Y(1) = W(I)
Next |
Call DeriveFunction(Y, DY, MErr, ThieleModulus)

'--CREATE Y2, DY2

ForI=1ToN
W(I+1)=YS(I+1)+H*W(NN +1)/6! +H*DY(l)/ 6!
Next |
Forl=1ToNN
Y(1) = W(I)
Next |
Call DeriveFunction(Y, DY, MErr, ThieleModulus)

'-- STORE DY2, CREATE Y3, DY3

ForI=1ToN
W(ND + 1) = DY(I)
W(I+1)=YS(I+1)+H*W(NN+1)/8'+H*DY(l) *3! /8!
Next |
W(1)=YS(1) +H*0.5
Forl=1ToNN
Y(1) = W(I)
Next |
Call DeriveFunction(Y, DY, MErr, ThieleModulus)

'--CREATE Y4, STORE Y4, DY3

Forl=1ToN

W(I+1)=YS(I+1)+H*W(NN +1)*0.5- W(ND + ) *H * L5 + H * DY(l) * 2!

WNX +1+1)=W( +1)
W(ND + 1) = DY(I)
Next |
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W(1)=YS(1) +H
Forl=1To NN
Y(1) = W(l)
Next |
Call DeriveFunction(Y, DY, MErr, ThieleModulus)

'--CREATE Y5

Forl=1ToN
W({I+21)=YS(I+1)+H*W(NN+1)/6!+H*W(ND+1)*2/3+H*DY(l)/6
Next |

wkxk TEST ERRO ON EACH Y

TestH=H
ForJ=1ToN
EE = (Abs(W(NX +J + 1) - W(J + 1)))/ 5!
If EE > RelErr(J) Then
H=H*(RelErr(J)/ EE) " 2
If IPrt$ <> "N" Then
Print "Step size reduced to ";
Print Format(H, " 0.000000E+")
End If
ConvergentFlag% =0
Exit For
Elself EE < 0.95 * RelErr(J) Then

If (EE - 100000000000#) <=0 Then
TestH=5!*H
Else
TestH=H*TestH" 2
If (TestH-5*H) >0 Then TestH =5*H
End If
If IPrt$ <> "N" Then
Print "Step size provisional increase to ";
Print Format(TestH, " 0.000000E+")
End If
ConvergentFlag% = 2
Else
ConvergentFlag% = 2
End If
Next J

"ERROR ON THAT INTERVAL WAS NICELY WITHIN BOUNDS,
' TEST WHETHER UPPER BOUND WITHIN NEXT INTERVAL OR NOT

If ConvergentFlag% <> 0 Then
H = TestH
Forl=1To NN
YO(l) = W(I)
Next |
If (W(1) + H-XS) <=0 Then
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If IPrt$ <> "N" Then

Forl=1ToN+1
Print Format(W(1), "

Next |
Print
Print "Step size = ";
Print Format(H, "
Print

End If

0.000000E+");

0.000000E+")

Else
IfH>0 Then
HOLD =H
Else
HOLD = Hsav
End If
H=XS-W(1)
End If
End If
If H<=0 Then
ConvergentFlag% = 1
H = Hsav
HOLD = Hsav
End If
Loop While ConvergentFlag% <> 1
Call RKMFinalResults(N, NN, W, YS, IPrt$)
End Sub

Public Sub RKMFinalResults(N, NN, W, YS, IPrt$)
I kkkkkkkhkkkkkkkkkkhrx FINAL VALUES
If IPrt$ <> "N" Then
Forl=1ToN+1
Print Format(W(l), " 0.000000E+");
If (Int(1 / 5) - 1/5) =0 Then Print
Next |
Print
End If
Forl=1ToNN
YS(I) = W(l)
Next |

" CHEER-2001 by Ron-Hsin Chang

End Sub

RS (2 80T I Al B -
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Q00000E-00 483515601 000000E+00 1 00000E-00  0.00000E-00
SO0000E-02  484522E01 403408E-02 1 05127E-00 £33283E-02
1.00000E-01 4.87554E-01 209845E-02 110517E+00 1.86857E-01
1E0000E-01 4.92631E-01 122236E-01 1.16183E+00 2.49335E-01
200000E-01 499793501 184408801 1. 22140E+00 333313601
ZED000E-01 509082E-01 207213E-01 1.28403E+00 416641E-01
Z00000E-01 520801E-01 252797E-01 1.34988E+00 4.99570E-01
ZE0000E-01 534404E-01 299889801 141907E+00 58329801
400000E-01 550807E-01 3.48855E-01 149182E+00 BHEE26E-U1
450000E-01 569334E-01 400879E-01 156321E+00 74905401
S00000E-01 500728E-01 4555E5E-01 1B4872E-00 233233801
SEO000E-01 614849E-01 513948E-01 173325400 216611E-01
GODOODE-D1 B42187E01 SFE291E-01 182212400 999829801
BE0000E-01 BY2852E-01 B43088E-01 181554E+00 1.08327E-+00
TODOODE-O1 TOBSS0E-01 7.14909E-01 201375E+00 1.18880E-+00
TEOOODE-O1 TA4238E-01 TE231ME01 21170000 1.24952E+00
200000E-01 TEEISED1 &FE943E-01 220554E+00 1.33325E-+00
SE0000E-01 831848E-01 96EE01E-01 233065E+00 1.41858E-+00
Q00000E-01 882893E-01 1.068474E+00 245860E+00 149991E+00
QED000E-01  938E62E-01 1 AT150E-00 2E58571E-00 1.58324E-00
100000E-00  1.00000E+00  128763E-00 2F1828E+00 1 66657E-00

== EFFECTIVEMESS FACTOR = ¥.726554E-01

| CHEER  Copyright RESI 2001
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2. ZXRFE: R(C)=C?
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Function RC(C)
RC=C*C
End Function

Function DRDW(C)
DRDW=2*C
End Function

REM for Nonlingar BVE ODE

lteration #1 5= 58291805E-01
lteration#2 5= 59176859E-01
lteration #3 5= 59208319E-01
lteration#4 5= £9210805E-01
lteration#5 5= 58210834E-01
lteration #6 5= 59210835E-01

REM for Nonlines:

Integration Converged, Hit Button to Continue
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%IR8 9-3 EIEaE kIR
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ff"+2f"=0 (9-2.15)
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dn L
Js3 —50:103
ICl 75=03;g9,=
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BRI E poeo o g, fEHT L EEHEE] > IR FIN 7= e ¢ 92 =1
L T E = g ERRIE
R(s) = 92(5 ; 77max) -1 (9_217)
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R(s)

Ska1= Sk — R'(s) (9-2.18)
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" SOLUTION OF NONLINEAR B.V.P.-O.D.E.
'BY THE SHOOTING METHOD
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'CHEER-2001  Ron-Hsin Chang

" Example 9-3
" Boundary Layer Problem

Private Sub RKM4NonlinearBVPODE(Xpos, Ypos)

" N=Number of dependent variables

"H=lInitial step size

" Y0=Initial conditions of X and Y(I)

" YO(1)=Initial condition of independent variabgle

" RelErr=Interval error allowed, suggested value max : YO*1E-5
' XS=Value of independent variable at which answer is required
' DY=Values of derivatives at Xs

" YS=Solution of all the variables

"W=Working space

Dim YO(11), RelErr(10), DY(10), YS(11), W(44), Y(11)
Dim YY(11, 101)

"MACHINE ERROR

MErr = 1E-16

=== USER'S SPACE

Cls
N = 6. ' Number of eqgns.
NP =20

IPrt$ = InputBox("Print Detail InformaTION <Y/N> ", "Require Detail Information”, "N", Xpos, Ypos)
IPrt$ = UCase(IPrt$)

Print "> Enter Limits of Integration:”

Print "Lower Limit of X = *;

X0 = Val(InputBox(" Lower Limit X0 =", "Low Limit of X", 0, Xpos, Ypos))
Print X0

Print "Upper Limitof X =",
XS = Val(InputBox("  Upper Limit XS =", "Upper Limit XS", XS, Xpos, Ypos))
Print XS

Print "> Initial Step Size ="

H = Val(InputBox("> Initial Step Size =", "Step Size", (XS - X0) / 100, Xpos, Ypos))
Hsav=H

Print H

9-34

“AAL B




EEE EBHoHENX — SR ERE

'--ERROR TOLLERANCE

Print "> Error Tolerance on Y =";
E1 = Val(InputBox("> ERROR TOLERANCE ON Y =", "Error Tolerance", H * 0.00001, Xpos, Ypos))
Print E1

Print "> Error Tolerance on S =";
E2 = Val(InputBox("> ERROR TOLERANCE ON S =", "Error Tolerance", H * 0.00001, Xpos, Ypos))
Print E2

Forl=1ToN
RelErr(l) = E1
Next |

"--PRINTING CONTROL

Print

NP = Val(InputBox("> NUMBER OF PRINTING INTERVALS = (<50) ", "NP", NP, Xpos, Ypos))
XPT = (XS - X0) / NP

Print

"--INITIAL CONDITIONS

S = Val(InputBox("> Enter Initial Guess : S=", "S", S, Xpos, Ypos))
Print "Initila Guess S ="; S

Iteration% = 0

MsgBox "Hit any Key to Continue"

Cls

'--START ITERATION

Do

TR T T T T T
rooumnmwooo

ENT% =0

Iteration% = Iteration% + 1
Forl=1ToN+1

YY(I, 1) = YO(I)

Next |

IPT=1
Do
XS = YO(1) + XPT
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'--CALL KUTTA-MERSON
Call RungeKuttaMerson(ENT%, N, Y0, Y, DY, XS, YS, W, RelErr, IPrt$, H, HOLD, Hsav, MEr)
ForLP=1ToN+1
YO(LP) = YS(LP)
YY(LP, IPT + 1) = YS(LP)
Next LP
If HOLD > XPT Then HOLD = XPT
IPT=1PT+1
Loop While IPT <= NP

'--CALCULATE R(S)
R=YS(3)-1
'--CALCULATE R'(S)
RP = YS(6)
'--CALCULATE S
SOLD =S
S=S-R/RP
Print "Iteration #"; lteration%; "  S=",
Print Format(S, " 0.0000000E+00")
'--CHECK CONVERGENCE ON S
If Abs((S - SOLD) / S) < E2 Or Abs(S - SOLD) < E2 Then
ConvergentFlag% = 1
Else
H = Hsav
ConvergentFlag% =0
End If
Loop While ConvergentFlag% =0
MsgBox (“Integration Converged, Hit Button to Continue")

" --FINAL FUNCTION VALUE

Cls
P”nt " *kkkk X *kkkkkkkkkkkkk Y Kkkkkk!
ForlP=1ToNP+1
ForJP=1To 4
Print Format(YY(JP, IP),"  0.00000E+00 )
Next JP
Print
Next IP
MsgBox "Ready to Print U & V"

Cls

Print

P”nt " *kkkk ETA kkkkkkkkkkkkkk U kkkkkkkkkkkkkkk V kkkkkkkkkk!

ForlP=1ToNP+1
Print Format(YY(Z, IP),"  0.00000E+00 )
Print Format(YY(3, IP),"  0.00000E+00 )
Z=YY(L, IP)*YY(3,IP) - YY(2, IP)
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Print Format(Z,"  0.00000E+00 ")
Next IP

End Sub

Private Sub DeriveFunction(Y, DY)

DY(1) = Y(3)

DY(2) = Y(4)

DY(3) =-0.5* Y(2) * Y(4)

DY(4) = Y(6)

DY(5) = Y(7)

DY(6) =-0.5 * (Y(5) * Y(4) + Y(2) * Y(7))
End Sub

"ENT% = Entry Identification
' ENT% = 0 for Initial Echo
System will adjust ENT% by itself

"N = Number of Equations

"YO = Initial conditions of X and Y(I)

' YO(1) = Initial condition of independent variable
'Y = Dependent Variable

‘DY = Value of Derivative Function at Xs

'XS = Value of independent variable at which answer is required
'YS = Solution of all the variables

"W = Working space

"RelErr = Interval error allowed, suggested valuemax : YO*1E-5
"IPrt$ = Control of Printing Intermediate Results

IPrt$ = "Y" for Printing everything
IPrt$ = "N" for Final Results Only

"H = Initial step size
"HOLD = Work Variable for Transfer Step Size Between Subroutines
"Hsav = Initial Step Size

' -- Internal Variable

NN=N+1
ND=NN*2
NX=NN*3
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NY = NN * 4

"--Initial echo
If ENT% = 0 Then
ENT% =1
If IPrt$ = "Y" Then
Cls
Print
Print
Prmt kkkkk X *****";
Forl=1ToN
Print "k Y("; |; 1) e
Next |
Print
Forl=1ToN+1
Print Format(YO(l), " 0.000000E+");
Next |
Print
End If
Else
H=HOLD
End If

T okkkkkkkkkkkkk GET START

Do
For1=1To NN
YS(1) = YO(I)
Y(I) = YS(I)
Next |
Call DeriveFunction(Y, DY)

'--STORE YO, CREATE Y1, DY1

ForI=1ToN
W(NN + 1) = DY(I)
W(+1)=YS(l+1) + H*DY(l)/ 3!
Next |

W(1) = YS(1) +H/3

For1=1To NN
Y(I) = W(l)
Next |
Call DeriveFunction(Y, DY)
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'--CREATE Y2, DY2

Forl=1ToN
W({I+21)=YS(I+1)+H*W(NN +1) /6! +H*DY(l) / 6!
Next |
Forl=1ToNN
Y(I) = W(l)
Next |
Call DeriveFunction(Y, DY)

'-- STORE DY2, CREATE Y3, DY3

Forl=1ToN
W(ND + 1) = DY(I)
W({I+1)=YS(I+1)+H*W(NN +1)/8'+H*DY(l) * 3!/ 8!
Next |
W(1)=YS(1) +H*0.5
Forl=1ToNN
Y(I) = W(l)
Next |
Call DeriveFunction(Y, DY)

'--CREATE Y4, STORE Y4, DY3

Forl=1ToN
W(I+1)=YS(I+1)+H*W(NN+1)*0.5-W(ND+1)*H*1.5+H*DY(l) * 2!
WNX+1+1)=W(+1)

W(ND + 1) = DY(l)

Next |

W(1) = YS(1) +H

For1=1To NN
Y(I) = W(l)

Next |

Call DeriveFunction(Y, DY)

'--CREATE Y5

Forl=1ToN
W(I+1)=YS(I+1)+H*W(NN+1)/6'+H*W(ND+1)*2/3+H*DY(l)/6
Next |

wxexxxTEST ERRO ON EACH Y

TestH=H
ForJ=1ToN
EE = (Abs(W(NX +J + 1) - W(J + 1))) / 5!
If EE > RelErr(J) Then
H=H*(RelEr(J)/EE) "2
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If IPrt$ <> "N" Then
Print "Step size reduced to ";
Print Format(H, " 0.000000E+")
End If
ConvergentFlag% = 0
Exit For
Elself EE < 0.95 * RelErr(J) Then

If (EE - 1000000000004) <= 0 Then
TestH=>5!*H
Else
TestH=H*TestH" 2
If (TestH-5*H) >0 Then TestH =5*H
End If
If IPrt$ <> "N" Then
Print "Step size provisional increase to ";
Print Format(TestH, " 0.000000E+")
End If
ConvergentFlag% = 2
Else
ConvergentFlag% = 2
End If
Next J
"ERROR ON THAT INTERVAL WAS NICELY WITHIN BOUNDS,
' TEST WHETHER UPPER BOUND WITHIN NEXT INTERVAL OR NOT

If ConvergentFlag% <> 0 Then
H =TestH
Forl=1ToNN
YO(l) = W(I)
Next |
If (W(1) + H - XS) <=0 Then
If IPrt$ <> "N" Then
Forl=1ToN+1
Print Format(W(l), " 0.000000E+");
Next |
Print
Print "Step size = ";
Print Format(H, " 0.000000E+")
Print
End If
Else
IfH>0 Then
HOLD =H
Else
HOLD = Hsav
End If
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H=XS-W(1)
End If
End If

IfH <=0 Then
ConvergentFlag% = 1
H = Hsav
HOLD = Hsav
End If
Loop While ConvergentFlag% <> 1
Call RKMFinalResults(N, NN, W, YS, IPrt$)
End Sub

Public Sub RKMFinalResults(N, NN, W, YS, IPrt$)
U kkkkkkkkkkkkkkkkkkkrx FINAL VALUES
If IPrt$ <> "N" Then
Forl=1ToN+1
Print Format(W(l), " 0.000000E+");
If (Int(1 /5) - 1/5) =0 Then Print
Next |
Print
End If
Forl=1ToNN
YS(I) = W(l)
Next |

' CHEER-2001 by Ron-Hsin Chang

End Sub

Fl

FIRRE Rk @2 0Y " e ?f *ﬁ@ﬁ#%‘ﬂﬂ

* e P ﬂ%@; £ ﬂ 9-2 APVl » B BRR E LI PR b BT ER el o)
fl s T;%\F—j} &Fﬁ 2T ENE PR f FE';_”EIJPJIQ;& o

& IR A DR 11 fORaE ThieleModulus [ 3. 3 i Hi A
= Private Sub DeriveFunction(Y, DY) » 7% ] -2 [=E=4ik » fafi' o i A Rl I 7
Wropmagel ek o
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REM for Nonlinear BYF ODE =3

e




zR= sMaSRR — BRIEME

0.0000000E+00  0.0000000E+00  0.0000000E+00  3.3205724E-01
S0000000E-01  4.1492069E-02  16588519E-01  3.3091087E-01

10000000E+00 1 B55T183E-01 3287799201 3.2300702E-01

1.5000000E+00  37013858E-01  48678910E-01  3.0258041E-01

20000000E+00  B5002431E-01  B297BS50E-01  2E675147E-01

25000000E+00  99631031E-01  75125842E-01  24741153E-01

30000000E+00  1.3988070E-00  24804414E-01 1 B136029E-01
35000000E+00  18376931E+00  9.1304008E-01  1.07Fr262E-01
40000000E+00  230E7457E+00  95ES17O2E-01  6.4234115E-02
45000000E400 2 T7O01335E+00  97851300E-01  3.3880884E-02
S0000000E+00  32832727E+00  9.9154160E-01  1.5906794E-02
SEO00000E+00  3T805TOSE+00  99E8TBEZE-01  BETS5049E-03
GO000000E-00  42736197E+00  9.9897258E-01  2.4020470E-03
BE000000E+00 4 7793209E+00  9.9969877E-01  7.7412164E-04
FO000000E+00  52732373E+00  99992131E-01  2.2017976E-04
FEOOD000E+00 577921636400  9.9098157E-01  5.E266537E-05
B0000000E+00  B2792116E+00  9.9999598E-01  1.2243142E-05
ZE000000E+00  B7792108E+00  9.9099303E-01  2.3813402E-08
G0000000E+00  T2792103E+00  9.9999960E-01  4.0716385E-07
9500000000 7r792101E+00  9.9999960E-01  6.0961536E-08
10000000E+01  82792093E+00  99999971E-01 7 .9525573E-09

|

CHEER Bl 46 AT

ETA 11

0.0000000E+00  0.0000000E+00  0.0000000E-+00
SO000000E-01 16588519601 4.1449624E-02
1.0000000E+00  320977082E-01  15420803E-01
1.5000000E+00  4.8678310E-01  35004508E-01
20000000E+00  62878550E-01  609E066IE-01
25000000E-00 7512594201 83183765E-01
30000000E+00  84604414E-01  1.1413245E400
35000000E+00  @.1304008E-01  13570422E-+00
40000000E+00 8555179201 1 5183259E+00
45000000E+00  QF351309E-01 1 B17E7I4E-+00
50000000E+00  @3154B0E-01 1 6744353E+00
55000000E+00  Q.96378E2E-01  17022611E-+00
GO000000E-D0  @.9897258E-01  1.7142158E+00
BED00000E+00  99963877E-01  1F187211E+00
FO000000E+00  @.9392131E-01  1.7202119E-+00
THEOOD000E+00  9.9998157E-01 1 7206454E+00
20000000E+00  9.0998508E-01  1.7207E63E-00
S5000000E+00  9.9993303E-01  1.7207812E+00
9.0000000E+00  9.9999960E-01  1.7207861E-+00
95000000E-00  9.9999969E-01  1.7207870E+00
10000000E+01 9993997 1E-01 1720787 1E+00
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1. A Jil{‘“ i Hﬁlﬁjii s PJL{[**JE‘HH [ Ei?ﬁ*ﬁ“h”‘d*%ﬁ% Zal
[t 2 f%”ﬁ HRAZC S (R P FI’?Q':EPETE*] l’ﬂfﬁ'ﬁ e
2. HeahE Ejuzr%rg;ﬂﬁlﬂ =4 > Carnahan etal. [7] F|MIR8L% [ 54550 A LTI
il%ﬁil’”“ 20 % 08 f@?ﬁﬂ%ﬁ% 1.0x107° U - F{’?ﬁjﬁm\ff s B 4 A
v 5 [ﬁ o ZH S AP IR R
(1) f@?s:sjﬁl R(s. ) <0 » s=s;ffi R(sg)>0 °
(2) FIFREE [ > T R(s) =0Ff v s ff >
R(s
T R(sL)(—LR)(sR)
(3) A 57 IVP 4 (9-2.16) » R EHIUR(s) i -
3. A THIEN IE%Umax—lo o HrEf ko ,EI n=6 - I@%f’ 1R 795
0.1% » =I l}{jwﬁﬁjﬁﬁﬂﬁﬁﬁlt UK VE UF”TJI o i/[lﬁ%ﬂ 9.3 . o

(Sg —S)

2.0

1.8
1.6 F
14

12 ¢

- 10 | M—Q—O—Q—Q—Q—O—O—()
-

08 |

0.6

0.4

0.2

0.0

Eta

93 EEM®E UKV 7RAR
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zR= sMaSRR — BRIEME

£=81 BREDAE A

25 P VA B T R A IR 5T SRR ) R (5 < DS PO
53 AT IV R g R IV ) lﬂj%\*yﬁﬂ@ L SAE S AR
o AR YRR (REL LR T A S AT ) A xﬂfgﬁ‘ﬂiﬁ?ﬁ ELE IR S5 (Finite
Difference Method) -

R T A R B LH R (- ARRDE T
Hﬂﬂﬁgo

GE ST EERL A RUE BVP BT A SRR E 5T R ) A i

%“F‘/ﬂﬁﬁfﬂﬂﬁﬁ FRREHAZ S [0 > BRi BVP 5] A=

_-Et

y'+p(X)y +q(x)y=9(x); a<x<b (9-3.1)
BC1 D y=A
BC2 x=b; y=B
Fi7K [a, b Bue] 5 ?é,ﬂ n <)o fil
X =Xo +ih; i=1,2,---,n (9-3.2)

cr

Hilixg=a,x,=b > =

=02 (9-3.3)
n
%ﬁéﬁ&ﬁ (node) » 1 FoIrf iy, [0 fj»fgf s h FEELAE 5T [H]REL (step size) e
Y00 FE I AR - 1
2 3 A3
e =y00 £ 2 09+ 02 Y 0+ 0 Y ) oy (9-3.4)

= s y(x) [0 SRR AP - B ) A

y(X+h)_y(X)_E " _E m -
R ACEE U OR (9-3.5)

— y(X + h) _ y(X) + O(h) -
- h

y'(x)=
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y'(x) = Y= E]’(X ), h y'(x) - 6 V() + o (9-36)

= Y —y(x-h) f):(x —h) +0(h) fﬂ[ﬂj%ﬁ 7J

F T S HIE y (0 9 B ST

o Y(X+h) —y(x=h) h*
y'(x)= oh 5

— y(X+ h)_ y(X—h) +O(h2)
- 2h

Y (x) 4 (9-3.7)

L, &

y(X) 92 SRR T N (9-3.4) T-fi SRR R F4 A T A
y(x+h)+y(x—h) = 2y(x) + h?y"(x) + O(h*)
TR WEy"(x) U T AT A 20

y(x+h)—2)r/](2X)+Y(X—h) +0(h?) (9-3.8)

FIIRIHEE (9-3.7) ™ (9-3.8) » FUR{ETT HHFY (9-3.1) Uy T HIYERER VT
G2 T T )=t

y'(x) =

Yia —2Y; + Yi—1 Yier — Vi
h?2 2h

i=1,2,---,N-1 (9-3.9)

+p(X;) +4(X)y; =9(%)

Eh
Yo=A,yy=B
AR 20 B
BiYia +taiyi +7iYia=f0), 1=1,2,---,N-1 (9-3.10)
Eh
B =2-hp(x;)
a; =—4+2h*q(x;)
7i =2+hp(x;)
f(Xi)zzhzg(Xi)
S HAEEE (9-3.10) SIS AL RRED
Ay=F (9-3.11)
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Eh

y
E=

>
I

(
(

a

P,
0

| 0

= yl’y27”.
f(x)-BA, f(x;), F(X3),,

V1
a,

Ps

, yN—l]T

0

72
as

0
0

73

Bz
0

zR= sMaSRR — BRIEME

f(Xy_1) —7naB )T
0

ANy VN-2

Pna aN_q |

SO AM 3= S RIS Ay = F ORI AP 3 0 5 Ry
3 SRR R R o SIS iy

EMEBREDE—XBRE hy' 2R

EET S w7 T S T
101 -1 1 ~1/2 ,

02| * -1 1 172 e
103 -3 4 -1 1/3

104 | 172 -1 0 1 -1/6 | h*y"(9
105 1 -4 3 1/3

106 -11 | 18 -9 2 ~1/4

07 | -2 -3 6 -1 1/12 Py
108 1 -6 3 2 ~1/12

109 -2 9 18 | 11 1/4

110 25 | 48 | -36 | 16 -3 1/5

111 -3 | -10 | 18 -6 1 ~1/20

112 | 112 1 -8 0 8 -1 1730 | h*y'(®
113 -1 6 ~18 | 10 3 ~1/20

114 3 16 | 36 | -48 | 25 1/5

115 -137 | 300 | -300 | 200 | -75 | 12 ~1/6

116 12 | 65 | 120 | —60 | 20 -3 1/30

U7 | e 3 30 | =20 | 60 | -15 2 ~1/60 o
118 -2 15 | -60 | 20 30 -3 1/60

119 3 20 | 60 | -120 | 65 12 ~1/30

120 ~12 | 75 | -200 | 300 | -300 | 137 1/6
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[me =z [[  Amxsawrm 0 [ mE |

121

122

123

124

125

126

127

1/60

-147 | 360 | —450 | 400 | -225 72 -10 1/7
-10 77 150 | -100 50 -15 2 -1/42
2 -24 -35 80 -30 8 -1 1/105
-1 9 —45 0 45 -9 1 -1/140
1 -8 30 -80 35 24 -2 1/105
-2 15 -50 100 | -150 77 10 -1/42
10 72 225 | 400 | 450 | -360 | 147 17

hGyvii (é:)

2. FMIEBRENE-RERH Y ZRTH

lew[ wm [[  TReraowm 0 [ @mE |

201 1 ) 1 - hy” ()

202 | 1 1 -2 1 —1/12 | h*yM(®

203 1 -2 1 hy” (&)

204 12 -30 24 6 11/12

205 6 ~12 6 0 112 |,
1/6 h=y"

206 0 6 | 12 | 6 2 | MV

207 6 24 —30 12 11/12

208 70 | —208 | 228 | —112 | 22 _5/6 iy

209 22 _40 12 8 -2 1/12

210 | 1/24 -2 32 -60 32 -2 1/90 | h*y"(&)

211 2 8 12 40 22 ~1/12 Ry

212 22 | —112 | 228 | —208 | 70 5/6

3. FMIEARENE-RERH MYy ZRTN

301 -1 3 -3 1 -2/3

302 -1 3 _ 1 ~1/2 .
03| 1 3 —2 1 1//2 hy" (&)
304 -1 3 -3 1 3/2

305 5 18 | —24 14 -3 714

306 -3 10 | -12 6 -1 1/4

307 | 112 -1 2 0 -2 1 ~1/4 | h*y'(9
308 1 -6 12 | -10 3 1/4

309 3 14 | 24 | -18 5 714

@
ML BV
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EREBEREDNEF—RXBRE Y ZRTH

401 4 | 6 | 4 [ 1 2 | e
402 1 6 | 4 | 1 -1
403 1 1 -4 -4 1 ~1/6 hzyvi (5)
404 1 | 4 | 6 1 1

hy*(£)
405 1 | 4 | 6 | 4 2

) ﬁ[ gL PR 1
=Y'(X; )— [ 137y; +300y,; —300y;,, + 200y ,3 = 75Y,4 +12y;.c]

PP A AR RLAN R 8 U 5 B i i 53 0 A 2 DL 53 A 1= SR
% [ 'E”T"‘J%a FUPETEY > RLERI PO B P R R U o BT o
ﬁﬂ@@gl (EESN f}?&ﬂlﬁ?ﬂ Ry

1. —REXE

(9-49)
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2. ZREHH

4 MRBLB

i\} :
BRESE
fIJE'J?J [BLL 55 H‘?E’Jﬁfﬂ 0-1>» j’?ﬂﬁﬁfﬂf'ﬂ%ﬁ .

y"—3y=2x, 0<x<1
@
MY B
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BC1 x=0->y=0
BC2 x=1>y=1
TN =5,h=02 > JlIE5) HAS sy 8 e
rtd,[y“l_zy‘er‘*l]_By‘:ZX" i=1,2,3,4
X;=a+ih=0.2i,x,=0,x; =1

PR P EFRE S 250 20 TN A SR A A
-212y,  +Yy, = 0.016
Y1 -2.12y, + Vs = 0.032
Yy, -2.12y, + VY, = 0.048
Vs -212y, =-0.936
BAFI : FRBAIFI P L R ST )

kkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkk

' SOLUTION OF B.V.P.-O.D.E
' BY FINITE DIFFERENCE METHOD

kkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkk

* CHEER 2001

Sub FiniteDifferenceMethod(Xpos, Ypos)

LY PR Y+ Q(x) Y = g(x)
" BCl x=lower y=A
' BC2 x=upper y=B

Dim Alpha(100), Beta(100), Gama(100), Z(100)

' TRIDIAGONAL MATRIX EQUATION

" Alpha,Beta,Gama=COEFFICIENT VECTOR
'Z=CONSTANT VECTOR

'/RETURN : SOLUTION

" Boundar Conditions to be defined by User

Lower = 0
Upper =

B:1
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Do
Cls
Print
Nmesh% = Val(InputBox("> NUMBER OF MESHES ~ N="," Nmesh%, Xpos, Ypos))
Print "Number of Meshes N ="; Nmesh%

Print
PNT$ = InputBox("> Print Out the Matrix Equation  <Y/N>", "Print Equation”, "N", Xpos, Ypos)

Neqn% = Nmesh% - 1
Call CoeffMaker(Alpha, Beta, Gama, Z, Neqn%, A, B, Lower, Upper, PNT$)
Call FiniteDifference(Negn%, A, B, Alpha, Beta, Gama, Z)

ContinueYN$ = InputBox("Run Next Job <Y/N>", ", "N", Xpos, Ypos)
Loop Until ContinueYN$ = "N" Or ContinueYN$ = "n"
End Sub

Sub EqnCoeff(P, Q, G, x)

" Equation Coefficients
" To Be Defined by User

Sub CoeffMaker(Alpha, Beta, Gama, Z, Neqn%, A, B, Lower, Upper, PNT$)
" Convert 2nd Order ODE to Finite Difference Form

h = (Upper - Lower) / (Negn% + 1)
Forl=1To Negn%
X = Lower + h* |
Call EqnCoeff(P, Q, G, x)
Alpha(l)=-4+2*h*h*Q
Beta(l)=2-h*P
Gama(l)=2+h*P
Z()=2*h*h*G
Next |
Z(1)=Z(1) - Beta(1) * A
Z(Negn%) = Z(Neqn%) - Gama(Negqn%) * B
Beta(1) =0
Gama(Neqgn%) =0

If PNT$ <> "Y" Then Exit Sub

" Print Matrix Equation

"Eqn#1

AB$ = n n
Print Format(Alpha(1)," 0.000E+00 ")
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BHnHRENX — 8FEME

Print Format(Gama(1), " 0.000E+00 ");
For =3 To Negn%

Print ABS$;
Next |
Print Format(Z(1), " 0.000E+00")
"Eqn #2 -- N-1
Forl=2ToNegn%-1
If1>2Then
ForJ=3Tol
Print ABS;
Next J
End If

Print Format(Beta(l), " 0.000E+00 ");
Print Format(Alpha(l), " 0.000E+00 "),
Print Format(Gama(l), " 0.000E+00 ");
If 1 < Negn% - 1 Then

ForJ=1+1ToNegn%-1

Print ABS$;

Next J
End If
Print Format(Z(1), " 0.000E+00")

Next |

"Eqgn #N
Forl=1ToNegn%-2
Print ABS;
Next |
Print Format(Beta(Neqn%), "  0.000E+00 "),
Print Format(Alpha(Neqgn%), " 0.000E+00 "),
Print Format(Z(Negn%), " 0.000E+00")
MsgBox ("Ready to Solve the Tridiagonal Matrix Equation")
End Sub

Sub FiniteDifference(Negn%, A, B, Alpha, Beta, Gama, Z)

'ECHO

"SOLVE & PRINT RESULT
Call Jacobi(Neqn%, Alpha, Beta, Gama, Z)
Cls
Print "*** SOLUTION:"
Print
Print Format(A, " 0.000000E+00 ")
Forl=1To Negn%

Print Format(Z(l), " 0.000000E+00 ")
Next |
Print Format(B, "  0.000000E+00 ")
MsgBox ("Hit Button to Continue")
End Sub
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Sub Jacobi(Negn%, Alpha, Beta, Gama, Z)
" SUBROUTIN JACOBI
Gama(1) = Gama(1) / Alpha(1)
Z(1)=Z(1) I Alpha(1)
"--LU DECOMPOSITION
For =2 To Negn%
Alpha(l) = Alpha(l) - Beta(l) * Gama(l - 1)
Gama(l) = Gama(l) / Alpha(l)
Z(1) = (Z(1) - Beta(l) * Z(1 - 1)) / Alpha(l)
Next |
"--BACK SUUBSTITUTION
ForI=Negn%-1To 1 Step -1
Z(1) = Z(1) - Gama(l) * (1 + 1)
Next |
End Sub

Private Sub Start_Click()

Xpos = 8500

Ypos = 6000

Call FiniteDifferenceMethod(Xpos, Ypos)
End Sub

BAHTER

Mumber of Weshes M= 5

- 4.240E+00 2.000E+00 3.200E-02
2.000E+00 -4 240E+00 2 000E+00 6 400E-02
2.000E+00 -4 240E+00 Z.000E+00 9600E-02

2000E+00 - 4 240E+00 - 1.872E+00

X

Ready to Solve the Tridiagonal Matrix Equation

CHEER  Copyright RESI 2001 B 4 AT
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[ SOLUTION

0.000000E+00
8.265597E-02
1.812307E-01
3.547530E-01
6.088458E-01
1.000000E+00

Hit Brutton to Contioe

CHEER  Copyright RESI 2001 fl 46 34T

SR BTEEEBIREDA

R ﬁﬁ wwﬁ&am%ﬂwwfnﬁ%%’%9 R A

23

—_ = — - =

:E[[EIF' o &y B HA S \‘EJTTJJI ) %,IPJ_Zér%’rJ AR fgg»gj_zﬁ/mﬁa;{gj»i% ANEgEs
RN S IRE R Sl IR A }wiﬁt“ *'”ﬂf; VL RN EN R

Y+ p(x)y’ +a(x)y = g(x) (9-4.1)
BC1 x=0> ky'+ngy=a
BC2 x=1> -k,y'+n,y=>b
[ Fan@f] - FUR BT RS (9-4.1) SRR ST
BiYia+taiyi +7iVia=f(x), i=1,2,---,N-1 (9-4.2)

i PEFFRIE P P RIpVCE =0 P ST iR -

(955
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S — MR ALE O(h)

i PRI PR Ry (0) 2 y' (@) 53 HIH = By o Wit 2 i o

y'(0) =% (9-4.3)

y'(1) =% (9-4.4)
POl BCL ® BC2 » RSHERI e o ST HIER A v, M vy £

bo = () e = G- (9-4.5)

e B e LAPEL A (6-4.)

Yo By FEIHAEEY (9-4.2) > TR (9-4.2) IFEUSIIIEIZ o ]
Ay=F (9-4.7)
il
Xz[yl Yo o Yna)
E=(f(x)-A& ) fx) - flya)-ryadl
(y=p&) 7 0 0
B, O, 72

>
I

Bno oy, VN-2
L 0 0 Bua (ana—7nad)]
a;, =—4+2h%q(x;), i=1,2,-,N-1
Bi=2-hp(x),7i =2+hp(x;)
f(x)=2h%g(x,)
k bh K,

ah 1
= , — ,é‘ — ’5 —
% hn, -k, Z hn, -k, ' hn, —k, ? hn, —k,

X =X, +ih, X, =0

O (9-47) A FEAEA (9-3.11) PR ARG o (5ELS BF IR A
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= TROE L

SRR VB By (0) & y'@) » F FI P T 55 O(h ) puplilst 53 AT
il;t:‘,Ty’} A1 Ak (fictitious nodes) x 3 ¥ xy,y > FAIEPEEIFRECT y 4 My

’ yl _y—l
0)="r—22 9-4.8
y'(0) o (9-4.8)
' Ynia — Yna
1) == T2 9-4.9
y'@ o (9-4.9)
S BCL ™ BC2 + 51 MR y 4 vy
2h 2h
Vi= (et Y@ = 6Yo + Vi =& (9-4.10)
1 1
2h 2h
Yna = Yna t (k_ﬂz)yN - (bk_) =Yna+tOYn — O, (9-4.11)
2 2
f‘“[fiﬁﬁ}‘g[?“‘ (9-4.2) » i’ﬂﬁ i=0,1,2,---,N > Eliféﬁi}’?}?ﬁﬁﬁlf{'ﬁ“ % ]
Ay=F (9-4.12)
Eh
y=[¥o Y1 Yo - ynJ'
E=0f(x)+ & f(x) (X)) ... f(XN)+7/N§2]T
(ag +5:&) (ro+pB) O 0
B a 71
é:
Prna an-1 VN4
L 0 0 (By+rn) (ay+yyoy)]
a; =—4+2h*q(x;), i=0,1,2,---,N
B =2-hp(x;), ;i =2+hp(x;), f(Xi)Zthg(Xi)
2h 2ha 2h 2hb
";:1: k771,§2:k 101 = k772,5 :k_
1 1 2 2
Xi =X, +ih, X, =0
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B RE DT

R B O R T L ARV o ST - 1 et
BRIV - B BTIAEE - BURECEY D 9.4 T o BRIV R Y
A B 2Py

L= feEvt e (4H)

b= A VR (G4 H)

n= BRI IO (%)

k= & a7 (65 Btuhr-°F - ft?)

Te = eV RHIRT S (350°F)

T, = FBE RS (60°F)
FIF IR &I B oA 7 i [l o3 ) 13 A

d°T dT 27
r +———"(T-T,)=0 9-4.13
dr2 dr kb (T=T%) ( )

BCl r=r >T=T,

BC2 r=r,> —k(:j—Tzn(T -T,)
r

e )

o

Iy i
9.4 HERHEDI
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A PIE IR 53 R BTREEA [ IFVIEVE 53 7)) 2RV 4 Bl g

0 T-T, ' Z:L
Tg—Ta n
VRS 1Y (9-4.13) it 1) Bl fgny
d*o %—OZQ 0
dz? dz
(9-4.14)
BC1 Z=1 , 0=1
r de
BC2 Z=-% , -k —=1mr,0
r, az ™
£
_ 277"12
kb
}Hf’%’ﬁ T HAFY (9-4.14) E'Yﬁi%rfﬂﬂﬂﬁ = H P
z, 0., —20+6,, + 01— 6, — 42,6, =0, i=1,2,-- N-1
h? 2h
ﬁ‘}%ﬁtﬁ,[fé » HEA]
— P— 2 . . . — A =
(22, +h) 6,4+(-4Z,-26h"Z,) 0,+(2Z,-h] 6,,=0 (9-4.15)
i=1,2,---,N-1
S5 5P A 2053
BCl: ¢, =1

BC2: - k% —

1oy lti,@%ﬁuﬁ‘*g’hﬁ I[ = “F' I ]
27hr,
9N+1=‘9N—1_—1‘9N

=0y, —hoy
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EEE EBHoHENX — SR ERE

SRS SERE S o L E]

Ad=F
Eh
QZ[ 91 92 ’ QN]
F=(-b, 0 0 - 0
fa, ¢ O 0 ]
b, a, ¢,
A=
by 4 an, Cna
| 0 0 (by +cy) (ay —cyéh))

a, =—2Z,(2+ah?),b,=2Z; —h,¢; =2Z; +h

2 2
g 2 ()N Z, 21+ ih
K kb r

[T IR ] 9-4 BIZAL o i AN B DI
B 56

Eokkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkk

‘ SOLUTION OF B.V.P.-0.D.E
‘ BY FINITE DIFFERENCE METHOD

bkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkk

Sub FiniteDifferenceMethod(Xpos, Ypos)
Dim Alpha(100), Beta(100), Gama(100), Z(100)
' TRIDIAGONAL MATRIX EQUATION

" Alpha,Beta,Gama=COEFFICIENT VECTOR

' Z=CONSTANT VECTOR

''/RETURN ; SOLUTION

L=05/12 'Height of Fin

B=1/16/12 ‘Thickness of Fin

R1=05/12 'Outside Diameter of Pipe

K =65 ‘Thermal Conductivity

ETA=5 'Heat Transfer Coeff. from Fin to Ambient
R2=R1+L 'Outside Diameter of Fin

ALFA=2*ETA*R1*R1/K/B
PHI=2*ETA*R1/K

TB =350

TA=60

TREF=TB-TA
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Do
Cls
Print
NEQN% = Val(InputBox("> Number of Meshes N=", ", NEQN%, Xpos, Ypos))
Print "Number of Meshes N ="; NEQN%

= (R2/R1-1)/ NEQN%
For I =1 To NEQN%
ZI=1+I1*H
Alpha(l) = 2*ZI*(2+ALFA*H*H)
Beta(l)=2*ZI-H
Gama(l)=2*ZI+H

(=0
Next |

Z(1) = -Beta(1)

Beta(NEQN%) = Beta(NEQN%) + Gama(NEQN%)
Alpha(NEQN%) = Alpha(NEQN%) - Gama(NEQN%) * PHI * H
Beta(1) =0

Gama(NEQN%) =0

Call FiniteDifference(NEQN%, Alpha, Beta, Gama, Z)
MsgBox ("Ready to Print Temperature Profile")

Cls

T=TB-TA

Print

Print "** TEMPERATURE PROFILE:"
Print

Print" R/R1 T(F)"

For1=1To NEQN%
Print Format(1 + 1 * H, " 0.000E+00 "),
Print Format(Z(l) * TREF + TA,"  0.000000E+00")
Next |
Print
ContinueYN$ = InputBox("Run Next Job <Y/N>", ", "N", Xpos, Ypos)
Loop Until ContinueYN$ = "N" Or ContinueYN$ = "n"
End Sub

Sub FiniteDifference(NEQN%, Alpha, Beta, Gama, Z)

"ECHO

"SOLVE & PRINT RESULT

Call Jacobi(NEQNY%, Alpha, Beta, Gama, Z)

Cls

Print "*** SOLUTION:": Print

For1=1To NEQN%
Print Format(Z(l), " 0.0000E+00  ");
If (Int(1/ 5) = 1/5) Then Print

Next |

Print

9-62

“AAL B



zR= sMaSRR — BRIEME

End Sub
Sub Jacobi(NEQN%, Alpha, Beta, Gama, Z)
" Solution of Tridiagonal Matrix Equations

Gama(1) = Gama(1) / Alpha(1)
Z(1)=Z(1) I Alpha(1)
"--LU DECOMPOSITION
For1=2To NEQN%
Alpha(l) = Alpha(l) - Beta(l) * Gama(l - 1)
Gama(l) = Gama(l) / Alpha(l)
Z(1) = (Z(1) - Beta(l) * Z(1 - 1)) / Alpha(l)
Next |
"--BACK SUUBSTITUTION
For 1 =NEQN% -1To 1 Step -1
Z(1) = Z(1) - Gama(l) * Z(1 + 1)
Next |
End Sub

PITRER
- R N=10 o7 51

W Finite Difference Method

T TEMPERATURE PROFILE:

RRI  T(F)

1100E-00 34783466402
12005400 3459986602
1300E-00 34445036402
1400E-00 34215726402
1500E400 34209356402
1E00E-00 3.412383E+02
1700E-00 3405749602
1800E-00 34008926402
190000 3.397694E402
2000E+00 2396059402

x|
Run Next Job <¥/N=
HTH
I
CHEER  Copyright RESI 2001 TR

(0-63)
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Finite Differens

e Method

zR= sMaSRR — BRIEME

Mumber of Meshes M= 20

T EOLUTION:

RG]
2.8084E-0
ar114E-M
GBSTTE-M

A32E2EM
9.73E0E-M
ABar4E-M
4p515E-M

AB822EM
97E3TE-M
AEEEZE-M
9E4ETE-M

236130
A7444EM
AETASEM
QE432EM

Finite Difference mr

AB33EM
A7270EM
AEBE4E-M
4EH0E-M

Ready to Print Temperature Profile

CHEER

Copyright RESI 2001 B 45 4T

T ———
RPN AR T ) AR R R o
P73 R (o 2 = o LT S0 53 R g L A
I R M IR £ 7 = BRI AR e iy ST S
PR By e R
R ﬁjﬁf’”"[f—kﬁj f 57 HA=

Ly=y"+f(x-y-y)=0,

BCl x=a-’y=A
BC2 x=b > y=B

a<x<b (9-5.1)

08T W TN B REES (9-5.0) T prab ) h s T 4R

Ly;

_Yia— 2Yi +Yiq

hZ

Ly, T Yiay g (9-5.2)

2h

(0-65)

VAHL B



B fE BRI RER

i=1,2,---,N-1

Yo=A,yy =B

B R AT KT BT R B 0 R AR R (9-5.2)

R DS At

y=ly: Yo - Yna)'
@;(y) =Ly,
O(y)=[D.(y) D,(y) - CDN—ZL(X)]T

B (9-5.2) TR

D(y)=0
FIJB 5 CRISE (kB 2o (9-6.3) » [T |
g 0 _ o(y™)

= oo(y®)roy"

(9-5.3)

(9-5.4)

1 o@(y® )0y # AP Grif iRy S EERLAIR T O A R (-

5.3) o F=9F » il F A (O Ry o 1N T R e

©
= B AR

mlﬁr'ﬁ‘w'ﬁ"f?‘[' F’J'F'fjﬁfj'ﬁ"'frJ JHAE T jf"ﬁ?{z_# SRR S
o 52 5T TR B VLR 5 )

-6
dzl 2dy 80(1—10 )=0
dx x dx

BCl1 x=0 > ﬂ:o
dx

BC2 x=1:y=1
SR 5 7 Y0 -

@

FRIZ B 5 SRR S S LR
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Vi =2Yi + Vit . 2 Vi — Vi 10°°
+ = -80(1— =0
h? X; 2h ( Y ) (9-5.6)
i=1,2,---,N-1

MR BCL [ AR =t > 9] ~ ARG o HI BCL o iy 2 53 2% -

yl _y—l =0
2h
Y=y Jix=0Ff  £Us L Hospital T1 > FUiDT HAA ST STy
2dy, ,d%y
an (X dx )_ dX
[RI = g,x O » LBk A Ay
2 -6
39Y goa-22")_0; x=o0 (9-5.7)
dx y
B HO % 5720
_ -6
g1 2yg+y_1 _g0a-12"y_ ¢ (9-5.8)
Yo

RSy g =y, o 8 WA (9-5.8)  BECHLDY - TR (9-5.8) RS (9-5.3) T
2 HE]

6 6 107°
®o(z)=h—2y1—h—2yo—80(1— e )=0
1 1 2 1 1 1078
D (Y)=(—+—)Y:; —— V. +(———)y. , —80(L— 0 (9-5.9
|(X) (h2 Xihi)yH—l hz Yi (h2 hxi)y|—l ( Y, ) ( )
i=1,2,---,N-1
yy =1
PJFEFEN f; CHREF S TR Yo L Yy Y o N IR
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// &

1.

2.

3.

4.

R B E I 5T ] 9-2 o

d?y 2dy )
22 _p2R
dx? X dx )

BCL x=0Fj - %:o

BC2 x:lﬁéﬁ’ y=1
P SN ER ] 9-5 -

d*o %—oza 0
dz? dz
BC1 Z =1, =1
BC2 Z =r—2, —kﬁ: nr,0
rn dz

SRAHE N 5 igjlﬁ%fr% FE D-1X -
ff+2f"=0
BC1 7=0f f=0
BC2 =0 f'=0
BC3 n=cofff» f'=
REAIPIEY T 1] 8-8 L1 STIFF2000 FAH A5 & f 5K e i1 15] 9-6 - 417
RIS » RIS R

-6
d? 3/ 2dy 80(1—10 )=0
dx*  xdx y

BCl «x-= O’Q 0
dx

BC2 x=1>y=1
Eﬁaﬂ THA (9-5.9) ARy vs. X U [ < BRSBTS

A [
(0-69)
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6 6 10°°
@o(y)=— Y1~ Yo —80(1-—)=0
= h h 0
1 1 2 1 1 10°°
O (Y)=(=+—)Yu ——V, +(=—-—)y,, —80(L— 0 (9-5.9
I(X) (h2 Xihi)yH-l hz yl (hz hxi)y|—l ( I ) ( )
i=1,2,---,N-1
yn =1
6. HREEED ﬁ'”jf%’rﬁﬁﬁﬁ?“
Ly=y"+ p(X)y' +q(x)y=f(x),a<x<b (9-P6.1)
d
BC1 x=aff - —kld—y+h1y=a
BC2 x=bff - k, dy+h2y 3
(@) ZEH [FH“U%EﬂELJFJZﬁ HI @P%E&I}W\ 4
Y(X) = Yo (X) + Ay  (X) + Ay, (X) (9-P6.2)
ELFI1 Yo (x) P ER =155 A28 p e (Particular Solution) -
Ly, =y "+ p(X)y' +q(x)y=f(x),a<x<b
Yo =Y"+p()y’ +a(x)y = f(x) (9-P6.3)

y(@) =1, y'(@) =1,
i) 2y, (0 o3 BFERF] N 3RS Sy p()y +a(x)y =0 f ] 2
(complementary Solution) -

Ly, =y"+ p(xX)y'+q(x)y=0,a<x<b

| , (9-P6.4)
ya)=m Y@=
Ly,=y"+ p(x)y'l+ q(X)>,/=0,a<X<b (9-P6.5)
y(@) =1, y'(@)=m,

() B b= A 50 A x=a AT H x=b {51 EL yo (b)), yo (0),
Y1(0), yi(b), y2(0), ya (b) > RRAH UGS AR PO AT > 2
EEUAS A, ¢
ms%w FRTAT S T |;ajﬁ 55 7 R 0 A 2 R R B A G T g

B P (R AT RS S AR
i 753 453 4 (9-P6.3) -
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iii. i) ﬁIJ %57 HFE (9-P6.4) -

iv. #ij ﬁlj’rr‘—!ru HA (9-P6.5) o

v. FJ®] (b) Ep}@ﬂ» ]frﬁﬁ@:h‘ R AR A,

vie FPIAEE (9-P6.2) » T BT T A A A
(d) AU | FOBEISUR B B o R A o ] 0-1 ORES) A <
- FIPIGTO-2 AR (R e SRl A

d2y 2dy
=0° R
dx2 X dx )

dx
BC2 x=1Eﬁ’ y=1

() 4 (% Tetd— 3 Qe Ry =y » B 578 (P 0 = fﬁ@
e ( %ﬁ'ﬁéﬁﬁ?ﬁﬁﬂ’Logon vs. Log (®) » P ES 0.1 %] 10) » T

%U_QtnM®_6JFFH

51 w — - kC = hET = AL
(b) E‘/)_‘EE I»J{/}L:E\E%’]‘: l} (D:ro FO 5 R(y)=y2 , %I-FE[JJ_‘ET‘{—E‘ITL]E[F“I[ °

[E=Y

P ] 95 1 RS BHIEEIE I S melaﬁ,” B R - IR
e ’Tti%kRohsenow and Choi [12] F||P | N5 ST E] n=0.204T -T,)% >
ﬁﬁ§ﬂ95i°1aﬁwﬁm*%ﬁ&’gmm@m
d’0 +99_ z0-0
dz? dz
BC1 zZ=1 . 0=1
r do
r, dz =1m

ﬁ&5Wﬁﬂ%ﬁ§&$@@&@ﬁ@f’ﬁ%&—jﬁfﬁ’WW95%ﬁ’

EJIJFJb EJ @;ﬂjiﬁ =C iE'r
d’T _n 77
dz?

USSP
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BC1 Z=0 T=Tg
dT

BC2 Z=L —=0
dz

1‘%@” |k 55 m o

95 FARAEIEKH

10. 1 (EHRE 9 - (AL B FF 2 R1asnd

BC2 Z=L —kj—Tzn(r ~T,)

AN 9 A B 7
1L ¥R 9 [hpy B Tgrn=0.21T ~Ta)? o RREEE N =g 8
12 REFIPIFEHE IR0 03 kel | [} 4RSS o 2 P TR Y

VI -

2
Z(1- Z)d— +(1- 22) —aZy:O
1
BClL Zz== =1
3 y
2 dy .
BC2 Z=— —=-a(sind
7 4 (sind)y

Efl1a=0.3078, asin 6=0.00961
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13.

14.

15.

16.
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S A

d? 1.d d
3/ - y) Y 120
dx y dx dx

BC1 x=0:y=y, (=0.1-027503)

BC2 Xx—>w > ﬂai

dx  4/2x

oy R HJ B jj‘/\?_‘ll_ﬁl il,f”"‘ fﬁ N4 %:h {#g{:ﬁé (o
% F} [ D-IX # ig_ﬁn (R G [l ) B R I@F%ﬂ PR LT, T
LR AR R T, o B RS E T
i vﬂzLﬂ
aX ay wp 8y2
BC]. y:o s T :TW
BC2 y—ow T=T,

&

?ﬁj

* F][ktﬁfh?ﬂguﬁnlﬁnﬁi} ptwﬁ?ﬂﬁmﬁ ' C, ERfIESE QJ
0 T-T,
T, T,
MITSRERT IR D-1X > U] o ess 2= i ns
d’o, fPrdo_
d® 2 dp

BC1 7n=0>6=1
BC2 5w =0

116 A 1X L P = % RO R 2 Pr =

0.1,1, 10, 100 » 1000 -

= T BRI S 2 R H[#ﬁ)ﬁa@t Jﬁ;rg [ﬂ[w, fir ] ﬁl?f”@ﬁfj%
e EIPF?E'?EL@PNSOC’ » A5 20°C @ WL 2.5 25T 9hiE 6.2

e R 50 ] T

By o Y PEE EIUTEHZ i 15, e f IJ%E'*%UF' AEGPR] BT PR R £
OB RD 0.083 » R 9 FVEFIENS I T [V 53 T o REETRIR 5 o
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ﬁ%%ﬁ—d@wﬂﬁ.ﬂjﬂqﬁm IR » 247 47
@) Zx—y 10°y% =0

jl
—

BC1 x=0>>y'=0
BC2 x=1>y=1
dzy 2%
by ——-d°y”* =0
(b) i y
BCl1 x=0-y'=0

BC2 x=1-y=1
$=1,10,100

;EF&EEWE I PR T

w.@meﬁTWJ'*pﬁﬁ@@mﬁﬁuﬁw«’m%i AR I -

FIFPFIE]™S ﬁ'Jffm“WE A D
(D% —k?)*W =-Ra-k?W
BC W =0 @z=+3
DW =0 @z=+3
(D?-k*)’W=0 @z=%1
£
d dn
D=— , D"= . k=328
dz dz" e

Pr= fF"} I F{fj’gl’rPrandtl No.
Gr= 3h% fde'E;'(Grashoff No.
W= L 2 oS

PR AL [ IR (Eigen Value Problem) » %

[+ Ra—d At Jj—‘ﬂﬁ]—f_l?ﬁﬁiﬁ » W IJFJZij/ﬁAf = [+

Fi[k 3117&% Ra #u[flF9 +1700+5o %ﬂ

fifl £ 1

(@) ]
W, =W
W, =W ' =W,
W, =W" =W,
W, =W " =W,
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Ra =PrGr

SHEK

‘L?ﬁz% Ra i [l 2] £[ -7 Ra
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Wy =w @ =w,

We =W ® =w’

FUR LAY (10-P18.1) [ Sl 5T A
W= AW

>
Il
o~ o o

o O O o o
o O O -
o O +» O
= O O O

o
o

0 0
(k®—Rak® 0 -3k* 0 3k* 0]
W, =0

BC @z=%1/2 W,=0

W, = 2k W, — k ‘W,

O B O O O O

(b) fﬁi%Ra:r (EIZJF"[['@?F; 1700) » ' z=-1/2%7 > Wy=a,W, =b, W, =c ° 7
2 [ﬁn fi ?jl,ﬂ §nﬁf<3;t (RKF45) #i5=z=1/2 » HZ]
W, = f,(r,a,b,c)
W, =f,(r,a,b,c)
Wy — 2k W, + k*W, = f,(r,a,b,c)

(c) TR =—(f + 17+ 1) HOIFHE RO AglR FORL iy ks
B VRIS o
(d) TE%%Ra=r+5r D E T z=-1/2% » Wy=a+&,W,=b+b,Ws=c+& ° F|F
Bn i q@fl,ﬂ Mﬁii (RKF45) i3 % z=1/2 - ™ F[H3ER (b) v sHI - 2
+f '/af-l*ﬂ@r

o _ S o o o & oh _d
oo & ' da s b d ' ac &
e) FIM | T A AE » VI PV Ra, @, b R e i - EIHIWIER (b) = (e) [PENIFE

B 1o

B FFIRIE PR A R T AT -
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